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The paper presents and illustrates a method which uses numerical integration of the van der 
Waals envelope(s) to calculate with desired accuracy the molecular van der Waals volume and 
the three-dimensional molecular shape descriptor defined as the twin-number [OV(a, /?); 
NOV(/?, a)], where OV and NOV represent the overlapping and, respectively, the non-
overlapping van der Waals volumes of the molecules x and ß superimposed according to 
appropriate criteria. 

1. Introduction 

The spatial occupancy (shape and size) of mole-
cules can be conveniently def ined in the f ramework 
of the hard sphere approx ima t ion : each a tom con-
stituting the molecule is represented by an isotropic 
sphere centered at the equ i l ib r ium posit ion of the 
a tomic nucleus and having a radius equal to the van 
der Waals (VdW) radius of the a tom. A molecular 
VdW envelope may be uniquely def ined as the sur-
face of the intersection of the VdW spheres associat-
ed with the atoms in the molecule; consequently, the 
total volume inside the VdW envelope represents the 
molecular VdW volume ( F w ) ~ for fur ther discus-
sion concerning molecular VdW area and volume 
the reader is referred to [1, 2] and references cited 
therein. 

Obviously, for a given molecular geometry, the 
spatial extension of the molecular model depends to 
a major degree on the values of the a tomic VdW 
radii considered. Illustratively, Table 1 systematizes 
four sets of a tomic VdW radii : the r w E values were 
obtained by Bondi [3, 4] f rom a compar ison of 
various types of physical propert ies of molecules; 
the /'W M M set correspond [5] to a m i n i m u m in the 
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VdW funct ion used in molecular mechanics [6]; the 
'W.QM values were derived by q u an tu m mechanics 
calculations using a density contour approach [7]; 
the /-w a values reflect the effective distance of 
closest approach of non-bonded atoms in crystals [8] 
- they were determined by compar ison of their 
effects on the predicted sterically allowed confo rma-
tions of pept ides with observed crystal s tructures 
[8, 9], and imply a repulsive interaction of approxi -
mately 5 kca l /mole at closest approach. 

There are two points to be made about Tab le 1: 
(i) the effective "size" of an atom or molecule varies 
with the phenomenon studied; and (ii) in agreement 
with previous results [10], the correlations collected 
in Table 2 argue that the (semi) empirically der ived 
sets of VdW radii are highly linearly related. This 
indicates a similar balance between the values of 
VdW radii for different a toms within these sets and 
the less satisfactory correlation /-Wt0. vs. /'W.QM RE-
flects a different balance within the /'W.QM SET-

Table 1. Atomic van der Waals radii, /-W[A]. 

Atom '"W.<7 RW, E ^ W . M M ' " W . Q M 

H 1.08 1.20 1.50 1.24 
C 1.53 1.70 1.75 1.54 
O 1.36 1.50 1.65 1.27 
N 1.45 1.55 1.70 1.36 
F 1.30 1.47 1.60 1.18 
Cl 1.65 1.75 1.95 1.63 
Br 1.80 1.85 2.10 1.79 
I 2.05 1.98 2.25 2.02 
S 1.70 1.80 2.00 1.75 
P 1.75 1.80 2.05 1.87 
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Table 2. Results of correlations with Eq. r w a = a0 + ax r, 

V V a0 ax 'aO* tai'd rb s c yrd 

'"w. E 
''W. MM 
''W, QM 

- 0 . 4 3 4 1.205 
- 0 . 5 0 3 1.116 

0.139 0.913 

- 2 4 . 3 8 14.73 
- 2 8 . 6 8 14.96 

4.74 8.66 

0.982 
0.983 
0.951 

0.053 
0.052 
0.087 

94.965 
97.947 
32.803 

a Student t test for the significance of the regression coeffi-
cients. b Correlation coefficient. c Standard deviation. 
d F test for significance of the correlation. 

As the calculated sterically allowed conformat ions 
using the /-W(T values compare very well [8, 9] with 
the observations f rom known protein structures, we 
choose to use /'W „ as a standard measure of the 
effect ive size of an a tom and refer to these values as 
/• values. 

T h e paper presents and illustrates a method 
which uses numerical integration of the van der 
Waals envelope to calculate accurate est imate of 
molecular van der Waals volume and the three-
dimensional , conformat ion-dependent molecular 
shape descriptors related to the over lapping and 
non-over lapping van der Waals volumes of mole-
cules. Also, our method offers a greatly improved 
computa t ional approach of the descriptors used in 
Molecular Shape Analysis; and, an extension of the 
formal i sm allows the calculation of the three-di-
mensional version of the Minimal Topological 
Dif ference descriptor. 

2. Molecular van der Waals Volume 

The molecular van der Waals vo lume (Kw) is a 
useful parameter in the study of packing density of 
organic molecules in crystals [11], protein folding 
[12, 13], propert ies of condensed phases [1,4], quan-
t i f icat ion of bioactivity as a funct ion of molecular 
s tructure [14-16] . 

Within the hard sphere approximat ion discussed 
in the previous Section, the locus of points (x, y, z) 
residing inside the van der Waals envelope of a 
molecule Ö satisfies at least one of the following 
inequat ions: 

(A, - x)2 + (B{- y)2 + (Q - z)2 ^ r], 
1=1,2,...,NÖ, (1) 

where (A\,B\,C\) represent the cartesian coordi-
nates of the N,5 atoms constituting the molecule, and 
/•> is the atomic VdW radius of the a tom I. 
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We turn to numerical integration techniques for 
obtaining accurate es t imate of Vw using (1) to 
characterize the spatial extension of the molecular 
model considered. Therefore , one determines 
the finite, countable set W whose elements 
Wj(Wjx, Wjy, Wjz) are points in the Euclidean 3 D -
space, 

W={Wj PX,P2\, (2) 

and satisfy the following propert ies: 

(Pi): Wj, for all j , lie within the paral lel ipiped 
which embeds the collections of spheres (1), 

dx tk W/x ^ Dx , d2 ^ Wjy ^ D2, 

d3 Wj. ^ D3. (3) 

(Pi): Wj, for all j, are uniformly distr ibuted, in-
dependent random points. Next, one determines 
the set Vs, 

V*={Vf\P3,P4} (4) 

whose elements Vf ( V f x , V f y , Vfy satisfy the prop-
erties: 

(P3): Vs c W. 
(P\): V f , for ally, satisfy at least one of the Nä in-

equat ions (1). 

As Vyj may be regarded as a non-negative, con-
t inuous funct ion in the closed bounded domain 
def ined by the VdW envelope, the E w value is 
estimates by [17, 18]: 

= g card F V c a r d W, (5) 

where g represent the volume of the paral lel ipiped 
(3), and card denotes the cardinal number . 

The W set is constructed using either Monte 
Carlo [17, 18] or strictly determinist ic procedures. 
Within the first p rocedure Wj e Wis given by 

WJx = d\ + (Dx — dx) Ci , Wjy = d2+ (D2 ~ d2) C2 , 

WJ: = d3+ (D3 - d3) C3 , (6) 

where dx,...,D3 de f ine the paral lel ipiped which 
embeds the VdW envelope of the molecule con-
sidered; (Ci , ( 2 ,C3) are uniformly distr ibuted, in-
dependent r andom sequences on the unit interval 
and were generated using standard algori thms 
[17 b]. The determinis t ic procedure, which simulates 
the stochastic approach (6). consists in dividing the 
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paral lel ipiped (3) into card W subspaces 
("e lementary" paral lel ipipeds) whose centres 
(Wjx, Wjy, Wj.) def ine IV, e W. 

The accuracy of the est imate (5), for given value 
of g, is proport ional to (card W)~ ] / 2 \ this circum-
stance causes the relatively slow convergence of the 
procedure and imposes utilization of W sets with 
cardinali ty of one to two million when large mole-
cules are considered. 

We have computed by numerical integration of 
the VdW envelope the van der Waals volume (A3) 
of ten amino acids (Table 3). 

The estimated standard deviation of the Vw values 
is 0.1. The very good correlation of the calculated 
Vw values with the corresponding apparen t molal 
volumes (AMV). 

AMV = - 22.67 + 1.87 Vw , 

(t = 8.07) (t= 13.98), 

(/• = 0.98, 5 = 8.38. F = 85.49) , (7) 

assumedly reflects that the rw a a tomic VdW radii 
of fer an adequate description of the spatial exten-
sion of molecules. 

The numerical integration of the VdW envelope, 
by comparison with geometrical approaches cur-
rently used [3, 11, 14], or recently developed [21, 22], 
yields Vw estimates of significantly greater accuracy 
(for quant i ta t ive compar ison see [8]). Therefore , our 
method is of immedia te interest if physically signif-
icant estimates of observed data (e.g., the unitary 

Table 3. Van der Waals volume of amino acidsa. 

Amino acid ^w [A3] Apparent molal ^w [A3] 
volumeb [A3] 

Glycine 54.21 77.50° 
Alamine 66.62 105.61 
Valine 91.71 158.04 
Leucine 104.59 184.45 
Serine 74.35 113.48 
Threonine 86.78 135.04 
Asparagine 92.05 142.12 
Glutamine 105.32 157.50 
Arginine 130.0 219.01 
Methionine 107.8 184.80 

free energy of solvation) are required; then, the 
accuracy of the molecular van der Waals volume 
est imate must be maximized . 

3. Three-Dimensional Molecular Shape Descriptor 

The quant i ta t ive characterizat ion of molecular 
shape represents one of the major obstacles in 
formula t ing quant i ta t ive (chemical) structure — 
(biological) activity relationships (QSAR) for struc-
turally diverse (non-congeneric) a n d / o r conforma-
tionally flexible compounds exhibit ing common 
biological action. The wealth of data that exist for 
non-congeneric and flexible analogs demands that 
priority be given to the development of molecular 
shape descriptors and appropr ia te strategies to 
allow for their inclusion in the conceptual f rame-
work of the QSAR approach . 

The purpose of this section is to introduce the 
three-dimensional , conformat ion-dependent molec-
ular shape descriptor which allows quanti tat ive 
compar ison of the molecular shape of widely differ-
ing structures. The computat ional method is dis-
cussed in detail and illustrated with a simple ex-
ample. Fo r the just i f icat ion of the molecular shape 
descriptor and its use to generate QSAR's , the 
reader is referred to [23]. 

The three-dimensional molecular shape descriptor 
( 3 D - M S D ) we introduce is pairwise related to the 
molecular van der Waals volume of the molecules oc 
and ß being compared. The descriptor is def ined as 
the twin-number 

3 D - M S D (a, ß) = [OV(a , /?); N O V (ß , a ) ] ; (8) 

O V ( a , ß) is the over lapping VdW volume of the 
two molecules, and N O V ( ^ , a ) is the non-over-
lapping VdW volume of molecule ß super imposed 
over molecule i . 

The method outl ined in Sect. 2 can be extended 
to obtain accurate est imates of OV and N O V 
volumes. Therefore , one determines the set W, 

W= {Wt\ P\, P2} , 

where P\ reads: 

(9) 

a The / w a values used in calculations are reported in 
Table 1. 
b Estimated from molecular weight and packing density 
given in [19]. 
c Taken from [20], 

(P \ ) : Wj, for all j , lie within the parallel ipiped 
which embeds the collection of Nx + N ß spheres (1), 
which represents the superimposed molecules y. 
and ß. 
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Next, one determines the sets 

V*={Vf P',,P\), (10) 

VP={Vf P?,Pi'] , (11) 

where P'3, P'{ and P\, P4' represents P 3 and P4 with 
Ö = 1 or ß, respectively, and Wis specified by (9). 

Utilization of the sets (9), (10), (11) and ele-
mentary operat ions of set algebra allow calculation 
of the following: 

(i) O V ( a , ß) - the overlapping volume of the 
molecules 1 and ß, 

OV (a, ß) = g card ( V n F ^ / c a r d w , (12) 

(ii) NOV(/?, y) — the non-overlapping volume of 
molecule /? super imposed over molecule a, 

NOV (/?, a ) = g card ( V ß - F * ) / c a r d W, (13) 

and 

(iii) N O V (a, ß) - the non-overlapping volume of 
molecule a superimposed over molecule ß. 

NOV (y, = gr card ( V x - V^)/card JF. (14) 

Here, g represents the volume of the parallelipiped 
which embeds the VdW envelopes of the compared 
molecules 1 and ß\ 

y a _ yp = y*\ yß = { y. [ y. 6 pa and ^ p/?} 

is the relative complement of in Vß, and 
yß _ ya _ j/a js ^ g r e i a t i v e complement of F^ in 
V7-. The set (9) is constructed using the procedures 
described in Section 2, and, obviously, the accuracy 
of the estimates (12), (13), and (14) shows the same 
dependence on card W a s the est imate (5). 

The [OV(a, ß)\ NOV(/?, a)] descriptor represents 
the three-dimensional extension of the topological 
steric Molecular Descriptor S M D = [SMDC ; SMDW] 
which led to excellent correlations for a variety of 
cases [24] and, also, the quant i ta t ive version of the 
molecular graphic approach referred to as the 
Active Analog Approach (AAA) [25] which have 
demonstra ted quali tat ive predictabil i ty and wide 
applicability. It is easily seen that (13) and (14) 
allow accurate calculation of the three-dimensional 
version of the Minimal Topological Di f fe rence 
(MTD) descriptor [26,27]. With the formal ism 
used here, the M T D descriptor is conveniently 
def ined [28] as: 

M T D = g card ( V * \ W u * A r * ) / c a r d W. (15) 

Using (13). (14) and (16). 

y*\yb n yß\y* = 0 (16) 

it follows that 

M T D = g (card V7\V^ + card ^ \ F * ) / c a r d W 

= N O V ( 2 . / / ) + N O V ( ^ . X ) . (17) 

Fur ther , the Molecular Shape Analysis (MSA) 
descriptor, V0, [29, 30], is clearly the OW{y., ß) and, 
therefore , it is a par t icular case of the 3 D - M S D . It 
should be noted that the MSA procedure to evaluate 
V0(y, ß) overest imates its value and introduces a 
sizeable error which increases with the branching of 
molecules considered; this deficiency is el iminated 
in the 3 D - M S D approach. 

The 3 D - M S D offers a very convenient basis f rom 
which the shape (dis)similarity of molecules can be 
described numerical ly and compared quantitatively. 

Consider the molecules MuM2,...,Mn and 
specify an internal reference system by choosing the 
molecule Mr, 1 ^ r ^ n, as reference molecule (i.e., 
each molecule Mh 1 ^ i ^ n, is characterized by 
reference to the same molecule Mr). It follows that 
in the f ramework def ined above, the shape of each 
molecule A/, is characterized by the two-dimen-
sional row vector 

3 D - M S D (/', /) = [OV (/*, /); N O V (/, r ) ] , 

and the n vectors are directly comparable . The 
relation between the shape of the molecules Mp and 
Mq, 1 ^ p, q ^ n, can be expressed by the famil iar 
Euclidean distance (metric) [31], which in this case 
reads: 

d {Mp, Mq) = [ J O V ( r , p) - OV(r , q) i 2 (18) 

+ NOV(/>, r ) - N O V (?,/•) 2 ] 1 / 2 ^ 0 . 

T h e value of d{Mp, Mq) is said to be the distance 
between the molecules Mp and Mq with respect to 
the shape characteristics (OV, NOV}. Comple-
mentary to the not ion of distance d(Mp, Mq) is the 
idea of similarity s(Mp,Mq) between Mp and Mq 

with respect to the same set of characteristics 
{OV, NOV,1. The non-negative, real-valued funct ion 
s(Mp,Mq) is a similari ty measure [32, 33] if 

0 ^ 5 (Mp, Mq) ^ 1, for Mp* Mq, s (Mp, Mp) = 1 , 

and ^ (Mp, Mq) = s (Mq, Mp). 

The metric d(Mp,Mq) can be used [32,33] to 
construct a similarity measure s(cl) if s (J—• x ) = 0 
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and s(d = 0) = 1. We arbitrari ly choose as a similar-
ity measure the following single-valued, mono-
torically-decreasing function of d: 

s(Mp,Mq) = [\ + d(Mp,Mq)]~K (19) 

Since the t ransformat ion of d into s is equivocal 
(e.g., the Gaussian exp ( - a d2) may also represent 
the funct ion s(d)), the relevant in format ion is the 
order ing of {M\, AF 2 , . . . , M„) by (19), and, in par-
ticular, the degree of similarity of each molecule 
considered with the chosen reference molecule. 

Using (18) and the triangle inequali ty, it follows 
that the distance d{Mp, Mq) between the molecules 
M p and Mq with respect to the whole set of char-
acteristics considered and the partial distance 
d6(Mp, Mq) defined with respect to some of their 
characteristics satisfy the inequality 

d5(Mp, Mq) ^ d{Mp, Mq), (20) 

and, consequently, 

s(d8)^s(d)- (2i) 

e.g., the Molecular Shape Analysis will generally 
assign higher shape similarity between Mp and Mq 

than the 3 D - M S D because [OV] is a subset of 
JOV, NOV}. 

Fluorene (A/,), anthracene (M2), and phenan-
threne (M3) are selected to illustrate numerical ly the 
three-dimensional shape descriptor (8), the distance 
funct ion (18), and the similarity measure (19). The 
shape comparison criterion (i.e., the superposi t ion 
of the compared molecules over the reference mole-
cule) is illustrated in Figure 1. 

The 3 D - M S D was calculated using s tandard 
molecular geometries, rw a a tomic van der Waals 
radii , and the Monte Car lo method to generate W 
sets with card W = 500,000. 

Table 4 collects the values of the 3 D - M S D cal-
culated with Mx, M2, and, respectively, M3 as refer-
ence structure; for comparison, values calculated 
with card W = 1,000,000 and, respectively, card W = 
500,000 and the W set generated using the deter-
ministic procedure are also listed. Note that 

OV (Mr, Mr) = Fw , Mr and 
OV(A/ r , Mj) + N O V (A/, , Mr) = FW Mj, 

for all /'; inspection of Table 4 shows that the OV 
and NOV values satisfy these equat ions with re-
markable accuracy. 

Table 5 systematizes the values of the distance 
function d(M,. A/,), with /•= 1,2. and. respectively. 

Table 4. The 3D-MSD values [A3] for fluorene (A/,), 
anthracene (M2), and phenanthrene (Af3) (the W set is 
generated by Monte Carlo method, and card W = 500,000). 

M, Reference 
structure (M r ) 

O V ( M „ Mi) NOV (Mh Mr) 

M, M\ 126.18 0.00 M, 
(126.12)a (0.00)a 

(126.19)b (0.00)b 

m2 108.67 26.62 m2 
(108.54)a (26.41)a 

(108.69)b (26.59)b 

m3 114.15 20.99 
(114.26)a (20.90)a 

(114.15)b (20.97)b 

M, m2 108.72 17.49 
M, 135.33 0.00 
m3 110.89 24.34 

M, m3 114.23 11.98 
m2 110.98 24.47 
m3 135.29 0.00 
a The W set is generated using the deterministic proce-
dure, and card W = 500,000. 
b The W set is generated using the Monte Carlo proce-
dure, and card W = 1,000,000. 

Table 5. Values of distance function [A3] for fluorene (Mj), 
anthracene (M2), and phenanthrene (A/3) calculated with 
the 3 D-MSD values of Table 4. 

Mi d (A/,, M,) d (M2, M^ d (M3, Mj) 

M, 0.00 31.84 24.23 
M-, 31.86 0.00 34.49 
AF, 24.19 34.48 0.00 

Fig. 1. Shape comparison of fluorene, anthracene, and 
phenanthrene; the pairs of atoms matched by a least-
squares fit in reference and compared molecules are 
marked by asterisk. 

3 and i = 1, 2, 3. Using these values with the simi-
larity measure (19) one obtains, as expected, that, 
for example, with f luorene as reference structure, 
phenan threne resembles closer then anthracene the 
shape of f luorene, i.e., 5(A/ , . A/3) = 0.04 and 
s (Af | , M2) = 0.03, or, with anthracene as reference 
structure, s (M2, M\) = 0.030 and 5 (M2, M3) = 0.028 
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ind ica te a g rea te r s h a p e s im i l a r i t y b e t w e e n a n t h r a -
cene a n d f l u o r e n e then b e t w e e n a n t h r a c e n e a n d 
p h e n a n t h r e n e . 

T h e 3 D - M S D a p p r o a c h o f f e r s a c o n f o r m a t i o n -
d e p e n d e n t , t h r e e - d i m e n s i o n a l q u a n t i t a t i v e c h a r a c -
t e r i za t ion of m o l e c u l a r s h a p e . T h e [ O V (a, /?); 
NOV( /? , a)] desc r ip to r is spec i f ica l ly d e s i g n e d to 
accoun t fo r t he e f fec t of m o l e c u l a r s h a p e o n b io -
act ivi ty a n d , t h e r e f o r e , its i n t e n d e d use is g e n e r a t i o n 
of q u a n t i t a t i v e s t ruc tu re -ac t iv i ty r e l a t i o n s h i p s (a 
Q S A R inves t iga t ion of d i h y d r o f o l a t e r e d u c t a s e in-
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h ib i t i on based u p o n 3 D - M S D a p p r o a c h is r e p o r t e d 
in [23]). It is wor th no t ing tha t s ince th is d e s c r i p t o r 
is not res t r ic ted to b ioac t i ve c o m p o u n d s w h i c h a r e 
s t ruc tura l ly congene r i c a n d c o n f o r m a t i o n a l l y r ig id , 
it has the abi l i ty of e n c o m p a s s i n g , w i t h i n a s ingle 
Q S A R , molecu le s of w ide ly d i f f e r i n g shapes . 
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